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In this paper we consider some surprising properties of the inverted potentials. We discover that
as long as the potentials go to minus infinity fast enough, scattering states and bound states can
coexist for any energy, that is, both spectra are continuous. Among these potentials we have found
one which admits non-trivial quasi-exactly solvable spectra while the quasi-exactly solvable states
constitute part of the total transmission scattering modes.
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In solving the energy spectra of quantum mechanically
systems, we are accustomed to having discrete bound
state and continuous scattering state spectra. Actually,
to obtain such a familiar result some asymptotic behavior
of the corresponding potentials must be assumed. Here in
this paper we would like to point out that under rather
general assumption on this behavior, in particular, as
long as the potential goes to −∞ faster than −|x|s with
s > 2 as x goes to ±∞, we can instead obtain continu-
ous bound state spectra. This can be understood in the
following intuitive argument. Classically we would have
runaway solutions with the speed of the particle growing
as |x| increases for this kind of potentials. However, the
quantum mechanical probability density can be viewed
roughly as inversely proportional to the speed of the par-
ticle. If the speed grows fast enough as stated above,
the probability density will be suppressed to such an ex-
tend that the wavefunction becomes normalizable, that
is, it becomes a bound state wavefunction. This can be
achieved for any value of the energy, and the bound state
spectrum is thus continuous.
We were confronted with this consideration when we
were looking for quasi-exactly solvable (QES) spectra
involving inverted potentials [1]. Quasi-exact solvabil-
ity means that part of the energy eigenvalues and the
corresponding eigenfunctions can be solved analytically
[2, 3, 4, 5]. This can be considered as an extension to the
rather scarce exactly solvable quantum mechanical sys-
tems. There is in fact a Lie-algebraic structure behind
these QES systems. Particularly, all one-dimensional
QES systems have been classified based on the sl(2) al-
gebra [2, 5].
To introduce the idea of the continuous bound state
spectra, we start with the QES potential with this prop-
erty,









where b > 0 is a real parameter and n = 1, 2, 3, . . .. V (x)
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in Eq. (1) is a two-parameter symmetric potential. As
x → ±∞, V (x) → −∞, so it is an inverted potential.
For b < 2
√
(n2 − 1/4), the potential is like an inverted
double well, while for b ≥ 2
√
(n2 − 1/4), it is like an in-
verted oscillator with one maximum. This system is clas-
sified as “case 1” in [5]. They had concluded that there
are no non-trivial QES systems in this case because all
normalizable potentials are exactly solvable. V (x) has
not been considered in [5] at all because it is an inverted
potential and it is thought not to admit normalizable
states. However, we have found that V (x) not only sup-
ports normalizable QES states but it also exhibits very
peculiar features.
To make the following discussion more concrete, we
first take b = 1. In this case, we have an inverted dou-
ble well. Although the general features of the problem
will not depend on this choice, we shall indicate how the
details vary with the value of b later. It is a straight-
forward procedure [2, 3, 4, 5] to obtain the QES spectra
of V (x) for various values of n. The number of distinct
values of the QES energies is just n. For n = 1, the QES
states have energy E
(n=1)


























we see that these are scattering states with constant (no
reflection) unit fluxes. Our QES states represent right-
and left-moving total transmission (TT) modes. This is
also true for other values of n. The QES spectra for n up
to 5 are tabulated in Table I. For n = 2, the correspond-












2TABLE I: QES energy spectra for the potential in Eq. (1)
with b = 1 and n = 1 to 4. The energy levels in the valley of
the potential are given in parentheses.
n E1 E2 E3 E4 E5
1 0
2 (−2.4) 0.4
3 (−6.340) −2.622 0.962
4 (−12.301) (−6.523) −2.760 1.585





FIG. 1: QES energy levels of the potential V (x) with b = 1
















All of them have unit fluxes. It is interesting to see that
the state ψ
(n=2)
1 has energy E1 which is under the peaks
of the potential, that is, in the valley as shown in Fig. 1.
There is no reflection even though the scattering state
tunnels through two barriers. With other values of n,
one again finds total transmission tunneling states. Their
energies are given in parentheses in Table I.
For the inverted potential that we are dealing with, it
is obvious that the spectrum for the TT modes is discrete
and bounded from below. To understand this spectrum
in a more quantitatively way, and to see how the QES
spectrum fits into it, we use the WKB approximation to
estimate the energies of the TT modes. For energies un-
der the bottom of the valley, that is, when there are only
two turning points, no TT modes are possible. This is
consistent with the usual understanding that after tun-
neling the transmitted flux is much small than the inci-
dent flux. The energies are thus bounded from below by
the value at the bottom of the valley. For n = 1, it is
∼ −3.75. When the energy is in the valley of the poten-
tial, there are four turning points. Following the usual
WKB procedure [6] of matching the wavefunctions from
the incident side to the transmitted side through all the
TABLE II: Energies calculated using the WKB approxima-
tion for the TT modes in the valley of the potentials. The
percentage errors from comparing with the exact values in
Table I are given in parentheses.
n E1 E2 E3
2 −2.173 (10%)
3 −6.099 (4%)
4 −12.070 (2%) −6.299 (3%)
5 −20.055 (1%) −12.208 (1.6%) −6.527 (3.4%)
turning points, one arrives at the quantization rule, in












, . . . (6)
where x1 and x2 are the turning points in the valley as
shown in Fig. 1. The energies which satisfy this quantiza-
tion rule for various values of n are listed in Table II. We
have also shown the percentage errors of these values in
comparison with the exact values in Table I. The errors
are smaller when the levels are nearer to the bottom of
the valley. The matching of these WKB levels with the
QES states indicates that the QES states indeed consti-
tute the lowest energy states in the TT spectra. Above
the peaks of the potentials the WKB states are all TT
modes in the lowest order. To estimate the energies in
these cases, one has to go to higher WKB orders which
we shall not pursue here.
Next, we would like to discuss how the considerations
above will be modified when b is varied. We have men-
tioned that at b = 2
√
(n2 − 1/4) the potential changes
from an inverted double well to an inverted oscillator
potential when b is increased. Regarding the QES spec-
tra there are other interesting values of b. When b is
very small but non-zero, all the QES states lie in the
valley. Actually the maximum number nmax of TT
states in the valley can be estimated using the quanti-
zation rule in Eq. (6) by taking x1 and x2 to be the
locations of the peaks, ±xpeak and with b → 0. As
b → 0, V (x) ∼ −(n2 − 1/4)sech2x, xpeak → ∞, and





















Hence, nmax = n, that is, when b→ 0 all the TT states in
the valley are QES states. As b is increased, the height of
the peaks decreases while the energies of the QES states
increase. At one point the highest QES level starts to
leave the valley. For example, for n = 1, this happens
when b = 1/2
√
3 ∼ 0.289. When b is increased further,
3the peaks merge into one at b =
√
3 ∼ 1.732. For n = 2,





69)/22 ∼ 0.125. When b is increased further, the lower





1.635. The peaks merge when b =
√
15 ∼ 3.873. Similar
situation happens for other values of n.
Up to now we have indicated that the QES states are
TT scattering states. However, one can in fact construct
bound states from these scattering states. This peculiar
situation that scattering states and bound states share
the same energies is very much related to the fact that
for this potential the bound state spectrum is continuous.
Now, for n = 1, from the TT wavefunctions in Eq. (2),
we obtain the even and odd wavefunctions
ψ
(n=1)








1± have zero fluxes by construction. Furthermore,











(1 + e−1), (9)
which is finite. These are normalizable states with zero
fluxes. We therefore regard them as “bound states”. Sim-
ilar bound states can also be constructed for other values





















Bound states can be found for all the QES energies. The
inverted potential in Eq. (1) is thus a non-trivial nor-
malizable QES potential. This has been overlooked in
[5].
We also see that the bound states we have found above
are doubly degenerate. This seems to contradict the
usual belief that in one dimension bound states are non-
degenerate. One can indeed prove that for states with
the same energy their Wronskian is a constant. For the
usual bound states this constant is zero by looking at
the asymptotic behavior of the bound state wavefunc-
tions. However, the bound states we have obtained have
very peculiar asymptotic behavior and this constant is
not zero, even though the wavefunctions themselves are
normalizable. For example, from the wavefunctions for




























which does not vanish. Hence, the bound states can be
degenerate.
It is indeed surprising to have scattering states and
bound states with the same energy. Even more surpris-
ing is that for every energy there correspond both scat-
tering states and bound states. The bound state spec-
tra are thus continuous. This can be seen by examining
the asymptotic behavior of the wavefunctions at ±∞.
Asymptotically the wavefunctions are well represented
by the WKB wavefunctions. For example, as x → ∞,
the potential in Eq. (1) with b = 1, V (x)→ −e2x/16,
ψWKB ∼ |V (x)|−1/4e±i
∫ x
dx′ |V (x′)|1/2
∼ e−x/2 e±iex/4, (13)
which can be shown to have constant fluxes. One can
also obtain zero flux wavefunctions by taking linear com-
binations of these WKB wavefunctions, that is,
ψWKB ∼
{
e−x/2 cos (ex/4) ,
e−x/2 sin (ex/4) .
(14)
Due to the factor, e−x/2, both of these independent
asymptotic wavefunctions are normalizable. For any en-
ergy one can always express the asymptotic behavior of
the corresponding wavefunction with zero flux boundary
condition in terms of these two wavefunctions. The re-
sulting wavefunction is thus normalizable and it can be
regarded as a bound state solution. That is, bound state
exists for any energy and the bound state spectrum is
continuous.
From the above discussion we see that for a general
potential V (x), as long as V (x) → −∞ as x → ±∞,




|V (x)|−1/4 cos (∫ x dx′|V (x′)|1/2) ,
|V (x)|−1/4 sin (∫ x dx′|V (x′)|1/2) . (15)
Suppose asymptotically V (x) → −xs for some constant
























(1± cosz) . (17)
This is finite for 2s/(s + 2) > 1 or s > 2. Hence, for
potential that goes to −∞ asymptotically faster than the
4inverted harmonic oscillator, the bound state spectra are
continuous.
We can also examine the Wronskian of the bound
state wavefunctions for this general potential. Suppose
ψi± are the bound state wavefunctions with even and
odd parities, respectively. Since the WKB wavefunc-
tions in Eq. (15) are independent of the energy, to the
lowest order the Wronskian, W (ψi±, ψj±), of two bound
states with the same parity would vanish asymptotically.
It is easy to see that the higher order terms converge
as x → ±∞. Therefore, this Wronskian goes to zero
asymptotically. On the other hand, for the Wronskian,
W (ψi+, ψj−), of two wavefunctions with the opposite
parities, it does not vanish but approaches a constant.
Since this Wronskian is an even function in x, it ap-
proaches to the same constant as x → ±∞. From the
above discussion, we see that for any pair of bound state
wavefunctions,
W (ψi, ψj)|∞−∞ = 0. (18)
Using this result, one can prove that the hamiltonian
with this general potential is hermitian with respect to
the bound state spectrum. Then one can also prove that
the wavefunctions are orthogonal to each other and they
constitute a legitimate Hilbert space.
In summary, we have discovered a very surprising prop-
erty of the inverted potentials. If the potentials go to neg-
ative infinity fast enough (∼ −|x|s as x → ±∞, s > 2),
bound states can be found for any energy, that is, the
bound state spectrum is continuous. Among these in-
verted potentials, we have found that the one in Eq. (1)
admits normalizable QES spectra which correspond to
bound states constructed from TT scattering states. For
continuous bound state spectra, one cannot avoid to ad-
dress the stability problem when the consideration is ele-
vated to the level of quantum fields. We hope to address
this issue in the future. It is apparent that this consider-
ation would have impact on the quantum field dynamics
involving fields rolling down an inverted potential such
as the ones in inflation [7] and quintessence [8] models.
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